We develop an extension of the usual three flavor quark model to four flavors (u, d, s and c), and discuss the classification of pentaquark states with hidden charm (qqqcc). We fit our model to the known baryon spectrum and we predict the double and triple charm baryons, finding good agreement with the most recent lattice QCD calculations. We compute the the ground state of hidden charm pentaquarks and their associated magnetic moments and electromagnetic couplings, of interest to pentaquark photoproduction experiments.
I. INTRODUCTION
The discovery and study of hadron states with quantum numbers that go beyond the three-quark picture is one of the holy grails of hadron spectroscopy because of the insight that these states can provide on confinement, gluonic degrees of freedom and, in general, on strong QCD in the GeV scale [1] [2] [3] [4] . If we focus on the baryon sector, the current prime interest is the hidden-charm pentaquark candidates recently found by the LHCb collaboration in the Λ 0 b → J/ψ p K − decay [5] [6] [7] . The discussion on the nature of the pentaquark candidates has triggered different plausible interpretations of this signals, e.g., kinematical effects [8] , molecular states [9] [10] [11] [12] [13] , and compact pentaquarks [14] [15] [16] [17] [18] . They have also been studied using diquark-diquark-antiquark interpolating currents combined with QCD sum rules [19] . There are several proposals to confirm their existence using near threshold J/ψ photoproduction [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , although such a measurement depends on the size of the electromagnetic coupling of the pentaquarks and the J/ψp branching ratio. Besides confirmation of the signals in a different channel, to establish them as undisputed pentaquarks it is needed to find the other members of the multiplet. A crucial step in this task is to establish a complete classification scheme of the ground state hidden-charm pentaquark configurations of the typecc where q denotes the light-quark flavors, u, d and s. Here we develop a quark model based on four different flavors. Such a scheme provides a complete classification even though if it is broken by the large difference in mass between the charm and the light quarks.
The aim of this paper is threefold. First we discuss an extension of the quark model based on SU (4) flavor symmetry. We develop a mass formula whose coefficients (and their uncertainties) are determined from the mass spectrum of the knownand qqc baryons. The same mass formula is applied to calculate the masses of the double and triple charm baryons, qcc and ccc. Secondly, we provide a complete classification of ground state hidden-charm pentaquarkcc states, and show that these belong to either an octet or a decuplet configuration. Finally, we calculate the mass spectrum, magnetic moments, and photocouplings of these pentaquark states which are needed for pentaquark photoproduction studies.
The paper is organized as follows. Section II reviews the extension of the quark model to four flavors. In Sec. III we derive the four-flavor mass formula and we use the three and four star baryons in the PDG [31] to determine the parameters and their uncertainties. We also provide predictions of double and triple charm states which are benchmarked to the recent LHCb measurement of Ξ cc and Lattice QCD (LQCD) computations. The uncertainties in the parameters of the mass formula are fully carried to the predictions. In Sec. IV we derive the group theory for hidden-charm pentaquarks and compute the ground states masses, magnetic moments and photocouplings. In Sec. V we summarize our main conclusions. The technical details on the wave functions are provided in the Appendices.
II. FOUR-FLAVOR SU(4) QUARK MODEL
In this section, we review the four-flavor SU (4) quark model which is based on the flavors u, d, s and c [32] [33] [34] [35] . It is important to stress that the SU (4) flavor symmetry provides a complete classification scheme for baryons and mesons. The breaking of the SU (4) symmetry is discussed in the next section.
The spin-flavor states of the udsc quark model can be decomposed into their flavor and spin parts as
followed by a reduction to the three-flavor uds states
and finally to their isospin and hypercharge contents
We make use of the Young tableau technique to construct the allowed representations of multiquark systems,
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denoting with a box the fundamental representation of SU (n), where n = 2 for the spin, n = 3 for the color, n = 3 (4) for the case of three (four) flavors, and n = 6 (8) for the corresponding combined spin-flavor degrees of freedom. The quarks transform as the fundamental representation [1] under SU (n), whereas the antiquarks transform as the conjugate representation [ 
and the electric charge Q is given by the generalized GellMann-Nishijima relation
Finally, the quarks have spin and parity S P = 1/2 + and the antiquarks 1/2 − . In summary, the flavor wave functions of the quarks are characterized by the quantum numbers
With the phase convention of Baird and Biedenharn [36, 37] , the antiquarks are associated with the flavor wave functions 
Eqs. (6) and (7) show that the c quark (andc antiquark) is distinguished from the light quarks (u, d, s) by the value of the hypercharge Z, in the same way as the s quark (ands antiquark) is distinguished from the u and d quarks by the hypercharge Y .
III. THREE-QUARK BARYONS
The spin-flavor states of multiquark systems can be obtained by taking the products of the representations of the quarks and/or antiquarks. First, we discuss the case ofbaryons. There are three possible spin-flavor configurations [3] with dimension 120, a mixedsymmetric one [21] with dimension 168 and an antisymmetric one [111] with dimension 56.
The total baryon wave function which consists of the product of an orbital, flavor, spin and color part
has to be antisymmetric. Since the color part is antisymmetric, the orbital and spin-flavor parts have to have the same symmetry (either symmetric, mixed symmetry or antisymmetric). In the absence of orbital excitations, the spin-flavor part has to be symmetric [3] 120 . The flavor and spin content of the symmetric spin-flavor configuration is given in Table I . There are two flavor multiplets, [3] and [21] , both with the same dimension. The former consists of states with spin and parity S P = 3/2 + and the latter with 1/2 + . The decomposition of four into three flavors Table II . The symmetric 20-plet splits into a uds baryon decuplet, a sextet with one charm quark, a triplet with two charm quarks and a singlet consisting of three charm quarks. The 20-plet with mixed symmetry splits into a uds octet, a sextet and an anti-triplet with one charm quark, and a triplet with two charm quarks (see Fig. 1 ).
In the literature it is customary to label the spin-flavor and flavor multiplets by their dimension, rather than by their Young tableaux. In summary, the baryon wave functions are labeled by the quantum numbers
Here [f ] denotes the spin-flavor part. Forbaryons it is either symmetric [f ] = [3] , mixed symmetry [21] or antisymmetric [111] . The orbital part is represented by the orbital angular momentum and parity L π . Note that the remaining quantum numbers to specify the orbital wave functions uniquely have been suppressed. The flavor part is denoted by the SU (4) multiplets
the SU (3) multiplets
the isospin I, and the hypercharges Y and Z. Finally, the total angular momentum is given by the sum of the orbital and the spin parts J = L + S. The total parity is given by the product of the parity of the orbital motion and the intrinsic parity of the quarks, P = πP.
As an example, the nucleon wave function is given by
(13) Here (α, β, γ) = (1, 1, 0) denotes the SU (4) mixed symmetry 20-plet, and (λ, µ) = (1, 1) the SU (3) flavor octet.
A. Mass formula
In order to study the general structure of the mass spectrum of baryons, we consider a simple schematic model in which the mass operator is given by [38] [39] [40] 
For the spin-flavor part of the mass operator M 2 sf we use a generalization of the Gürsey-Radicati form introduced in a study of baryon resonances [38, 39] and pentaquarks [40] to the four-flavor case
The first three terms represent the quadratic Casimir operators of the SU sf (8) spin-flavor and the SU f (4) and SU f (3) flavor groups. For the definition of the Casimir operators we have followed the same convention as in [41, 42] in which the eigenvalue of the quadratic Casimir operator of SU (n) is given by
Since in the next section we use the labels (λ, µ) and (α, β, γ) rather than [h] and [g] for the three-and fourflavor algebras (see Eqs. (11) and (12)), we give here the corresponding expressions for the eigenvalues of the Casimir invariants
The last term, M 2 orb , describes the contribution of the orbital degrees of freedom to the mass formula. In the present study we only consider the term
to model the occurrence of linear trajectories in the Chew-Frautschi (M 2 vs J) plots [43, 44] . By construction, the mass formula of Eqs. (14) , (15) and (19) is defined in such a way that M 2 sf = 0 for the nucleon, and, hence, its mass is given by
In many studies of multiquark configurations, effective spin-flavor hyperfine interactions have been used in the constituent quark model (CQM) which schematically represents the Goldstone boson exchange interaction between constituent quarks [41, 42, [45] [46] [47] [48] . An analysis of the strange and non-strangebaryon resonances in the collective stringlike model [38, 39] and the hypercentral CQM [49] also showed evidence for the need of such type of interaction terms. If one neglects the radial dependence, the matrix elements of these interactions for the general case of k flavors depend on the Casimirs of the SU sf (2k) spin-flavor, the SU f (k) flavor and the SU s (2) spin groups as
where n is the number of quarks, σ denotes the three Pauli spin matrices, and λ the k 2 − 1 Gell-Mann flavor matrices. For two flavors (k = 2), the three flavor matrices are those of the isospin τ , and Eq. (21) reduces to Wigner's SU (4) supermultiplet theory [50, 51] . For three flavors (k = 3), the matrix elements of the hyperfine interaction are the same as those given by [42] . The present case of interest is for four flavors (k = 4).
The energy splittings within a spin-flavor multiplet into four-flavor multiplets and spin states are very similar to that of the a, b 4 and c S terms of the mass formula of Eq. (15) . In addition, Eq. (15) contains the splittings of the four-flavor SU f (4) multiplets according to the generalized Gell-Mann-Okubo formula (see Eq. (A8) of Appendix A) via the b 3 , z 1 and z 2 terms, as well as the splittings of the three-flavor SU f (3) multiplets of the usual Gell-Mann-Okubo formula of Eq. (A9) due the c I , y 1 and y 2 terms.
In summary, the form of the mass operator proposed in Eqs. (14) , (15) and (19) is motivated by previous studies of the mass spectrum of baryon resonances for three flavors in which it was found that a Gürsey-Radicati form gives a good description of the baryon spectrum [38, 39] . Here we generalized this form to the case of four quark flavors. The different terms in the mass formula of Eqs. (14) , (15) and (19) correspond to the quark masses (m u , m d , m s and m c ), the spin-flavor hyperfine splittings (a, b 4 and c S ), the Gell-Mann-Okubo mass formula for four flavors (b 3 , z 1 and z 2 ) and for three flavors (c I , y 1 and y 2 ), and the trajectory slope (α ).
Even though the strong interaction does not distinguish between quarks of different flavor, the SU f (4) flavor symmetry is broken dynamically by the quark masses and the z 1 and z 2 terms. The latter are proportional to the hypercharge Z which distinguishes the c quark from the light quarks. These terms give an additional contribution to the mass but do not change the flavor wave function since they are proportional to Casimir invariants. In the same way, the SU (3) flavor symmetry is broken dynamically in the Gell-Mann-Okubo mass formula by the quark masses and the term proportional to the hypercharge Y .
B. Determination of the parameters
To determine the parameters of the mass formula and their uncertainties we fit the Breit-Wigner masses of the three-and four-star resonances in the PDG [31] , namely the resonances in Tables III (ground states without radial excitations) and IV (excited states). 1 We do not include the N (1440), N (1710), ∆(1600), Σ(1660), Σ(1940), Λ(1600) and Λ(1810) resonances in our fits because there were identified as vibrational excitations in previous studies using a similar mass formula for the three-flavor case [38, 39] . Hence, we consider 52 states to determine the 14 parameters of the mass formula in Eq. (14) Tables III  and IV shows that only a linear combination of z 1 and z 2 can be determined. In our calculations we set z 2 = 0. The impact and reasonability of this choice will be addressed in Sec. III C 2;
-The precise mass of the constituent charm quark m c is unknown and varies widely from one model to another [39, 52] . Moreover, we found that its value is strongly correlated with z 1 . We decided not to fit it to the data but rather fix it within a wide range of values, randomly selecting a value for the mass between 1400 and 1500 MeV according to an uniform distribution. This error is propagated to the fits and predictions through a Monte Carlo and constitutes one of the main sources of uncertainties in the predictions.
The remaining 10 parameters and their uncertainties are determined by fitting the resonances in Tables III  and IV with the exception of the nucleon (used to fix m n ), for a total of N r = 51 states. In doing so, we use the bootstrap technique [53] [54] [55] and proceed as follows [52, 56] :
1. First, we sample the masses of the resonances (M exp ), given in Tables III and IV , according to Gaussian distributions whose widths correspond to the experimental uncertainties, obtaining a resampled spectrum; 2. We minimize the weighted squared distance
where ω i is a weight set equal to one for all the states except for the octet and decuplet ground states (Table III) which is set to ω octet = ω decuplet = 10 and the singlet states Λ(1405), Λ(1520) and Λ(2100) which is set to ω singlet = 1/2. Regarding the Λ singlets, we know that these states are poorly reproduced by quark models unless strong dynamical effects are included [57, 58] . Hence, because we are interested in the average description of the spectrum, we downplay their impact in the fits. The fits are performed using MINUIT [59] and a total of N r = 51 states are fitted with n p = 10 parameters, namely: m s , a, b 3 , b 4 , c S , c I , y 1 , y 2 , z 1 and α ;
3. We repeat this process 10 4 times providing enough statistics to compute the mean value of the parameters and their uncertainties (standard deviation);
4. Next, we can compute the theoretical masses of the resonances and their uncertainties. In doing so, for each one of the 10 4 fits we compute the corresponding mass using Eqs. (14), (15) and (19) . Then the mass of the resonance is computed as the mean value (M th ) and the uncertainty as the standard deviation. In this way the uncertainties in the parameters as well as their correlations are exactly propagated to the masses. In the same way we can make predictions and assign uncertainties to them. [38, 39] , in particular α which corresponds to the expected slope of the projection of the baryon Regge trajectories into the ( [s p ], J) plane where s p is the pole position of the resonance [56] .
C. Mass spectrum
In this section we present the result of a fit of the mass formula of Eqs. (14), (15) and (19) to the charmless and single-charm baryons.
Charmless and single charm baryons
The results for the states we fit are reported in Tables III and IV. In general, we obtain a good description of the spectrum. The deviation of the mean valueM th from the experimental valueM exp are below 3% for all the states but seven (four if we do not consider the fit suppressed Λ singlets). Without considering the uncertainties in the states, we quantify the quality of the description of the baryon spectrum through the root mean square (δ rms ) and the average distance (δ abs ) between experiment and theory III. Ground baryon states (octet and decuplet) fitted to determine the parameters of the mass formula of Eqs. (14), (15) and (19) . The states are labeled by the quantum numbers in Eqs. (10), (11) , and (12) . All states have L π = 0 + . Nq denotes the number of up and down quarks (q = n), strange quarks (q = s) and charm quarks (q = c). Experimental masses are taken from [31] averaging charged and neutral states when needed. The last column shows the deviation between the experimental and theoretical mean values D = 100
938.92 ± 0.91 [3] (1, 1, 0) (1, 1) Figures 2(a) and 2(b) compare the theoretical masses to the experimental ones for the octet and decuplet ground states (Table III) . The width of the boxes represent the uncertainties. As explained in previous section, the uncertainties in the theoretical masses are computed propagating exactly the uncertainties in the parameters as well as their correlations. We note that charmless ground states are in general very well reproduced -except for the Λ−Σ mass splitting and the ∆(1232) mass-, while for the single charm states we reproduce the structure of the spectrum but we are not that accurate when it comes to a level by level comparison. This is expected and to accrue a high level of precision we would need a detailed dynamical model for the interaction among quarks. In this work we are more concerned with the general structure of the spectrum and this level of accuracy is enough for that purpose. Nevertheless, in percentage all ground states but ∆(1232), Σ(1193) and Λ c are reproduced within less than a 2% accuracy.
The fitted excited states (L π = 0 + ) are provided in Table IV . In general we obtain a reasonable agreement that, except for the Λ singlets, the N (1680), N (2250) and the Σ(1750), are within the 3% accuracy. Hence, the charmless and single charm experimental spectrum is reasonably reproduced.
The highest deviation (∼ 14%) is observed for the Λ(1405). The Λ(1405) is actually made out of two poles [31, 60, 61] whose nature is under discussion [56, 62] . Some works interpret it to be a molecule [63] [64] [65] and others favor a compact three-quark state [57, 58, [66] [67] [68] [69] . Quark-diquark models for hyperons are able to reproduce this state [57, 58] but require dynamics that are not included in our mass formula. Therefore, it is not surprising that we are not able to properly describe this state.
The idea was to present an global overall fit including both ground-state and radially excited baryons (N , ∆, Σ, Λ, Ξ and Ω and single-charm baryons). A recent paper by Yoshida et al. on the spectrum of heavy baryons [70] shows a better agreement for low-lying charm baryons, but in this study the N and ∆ states were not taken into account.
In conclusion, a good overall fit is found with a r.m.s. deviation of only 44 MeV and an average distance between experiment and theory of 31 MeV. We note that these deviations are based on the central values and do not include the experimental error bars nor the theoretical uncertainties. Moreover, these deviations include the results for the singlet Λ hyperons which are known not to fit in any global quark model description of baryons. With the exception of the singlet Λ hyperons, the relative deviation is of the order of a few percent only.
Double and triple charm baryons
In our fits we do not include existing experimental information on double charm states. There is one measurement of Ξ cc reported by the SELEX collaboration at 3518.9 ± 0.9 MeV [71, 72] . However, we do not consider it reliable enough to be included in our fits because it is listed by the PDG [31] as a one-star state, and has not TABLE IV. Excited baryon states fitted to determine the parameters of the mass formula of Eqs. (14), (15) and (19) . Notation as in Table III . Fig. 3 we compare them to the experimental data and LQCD computations [78] [79] [80] [81] [82] [83] [84] . Our results are in good agreement with the LHCb measurement and the LQCD computations. Consequently, our choice to fix z 2 = 0 in the mass formula provides sensible results for the double and triple charm states. Therefore, we expect that our prediction of the hidden charm pentaquark spectrum, in particular the structure and the ground states, should be reasonable within uncertainties. (14), (15) and (19) . As explained in Sec. III B, mn is fixed by the nucleon mass, mc is randomized within 1400 and 1500 MeV using a uniform distribution, and z2 is fixed to zero. The rest of the parameters are fitted to the states in Tables III and IV 
IV. PENTAQUARKS
As for all multiquark systems, the pentaquark wave function contains contributions corresponding to the spatial degrees of freedom and the internal degrees of freedom of color, flavor and spin. In order to classify the corresponding states, we shall make use as much as possible of symmetry principles without, for the moment, introducing any explicit dynamical model. In the construction of the classification scheme we are guided by two conditions: (i) the pentaquark wave function should be antisymmetric under any permutation of the four quarks, and (ii) as all physical states, it should be a color singlet. In addition, we restrict ourselves to flavor multiplets containing uudcc configurations without orbital excitations, i.e. with L π = 0 + , and with spin and parity J P = S P = 3/2 − . In order to discuss the symmetry properties of the pentaquark wave function we start by introducting the notation for the symmetry properties of the four-quark subsystem. The permutation symmetry for four-quark states is characterized by the S 4 Young tableaux [4] , [31] , [22] , [211] and [1111] or, equivalently, by the irreducible representations of the tetrahedral group T d (which is isomorphic to S 4 ) as A 1 , F 2 , E, F 1 and A 2 , respectively
The total pentaquark wave function has to be a [222] color-singlet state. Since the color wave function of the antiquark is a [11] anti-triplet, the color wave function of the four-quark configuration has to be a 
where the subindices refer to the symmetry properties of the four-quark subsystem under permutation. Moreover, it is assumed that the orbital part of the pentaquark wave function corresponds to the ground state (without orbital excitations) with A 1 symmetry. As a consequence, the spin-flavor part is a [f ] = [31] state with F 2 symmetry. The pentaquark wave function of Eq. (23) can be expanded explicitly into its color and spin-flavor parts by using the tensor couplings under the permutation group 
A. Four-quark states First we construct all q 4 spin-flavor multiplets containing a uudc state to which we couple the antiquarkq =c to obtain all pure uudcc states. The spin-flavor states of four-quark systems can be obtained by taking the products of the representations of the quarks
A complete classification of four-quark states involves the analysis of the flavor and spin content. In Table VII . For pentaquark states with J P = 3/2 − without orbital excitations the allowed values of the spin of the four-quark system are S = (g 1 − g 2 )/2 = 1 and 2. In the last column, we show the allowed spin-flavor configurations where φ and χ denote the flavor and spin wave functions, respectively. The explicit form of the spin wave functions of pentaquark states with J P = 3/2 − is presented in Appendix B. Since the current interest is in four-quark states with one charm quark, it is convenient to make a decomposition of four into three flavors according to SU f (4) ⊃ SU f (3) ⊗ U Z (1) (see Table VIII 111]). Since the flavor singlet corresponds to a udsc configuration, the only SU (3) flavor multiplets that contain a uudc state are the decuplet and the octet (see Fig. 4 ). In summary, the four-quark flavor configurations can be expressed in terms of the quantum numbers as There is a one-to-one correspondence between the SU (4) flavor labels [g] of the four-quark system and the label t of the tetrahedral group (see Eq. (22)). The possible uudc states are given by
for the decuplet, and
for the octet.
B. Pentaquark states
The SU (3) flavor multiplets which contain uudcc pentaquark states are obtained by taking the direct product of the four-quark uudc states of Eqs. (27) and (28), and the antiquark state with charmc of Eq. (7) |φ ( 
Inspection of the SU (3) flavor couplings
shows that the SU ( 
For the case of uudcc states this wave function factorizes into a product of a four-quark state given by Eqs. (27) and (28), and the antiquark state of Eq. (29) |φ t (uudcc) = |φ t (uudc) |φ(c) .
In Table XIII of Appendix C 1 we present the explicit form of these flavor wave functions in terms of the individual quarks. Note that they correspond to pure uudcc states, i.e. not admixed with uuduū, uuddd or uudss configurations. However, in order to apply the mass formula of Eq. (14) to the pentaquark mass spectrum, we have to express the pentaquark wave functions in terms of the SU (4) flavor couplings. If one couples, just as for the three-quark baryons discussed in Sec. III, the flavor states at the level of SU (4) [111] will not be written explicitly anymore. Moreover, since there is a one-to-one correspondence between the SU (4) flavor labels [g] of the four-quark system and the label t of the tetrahedral group (see Eq. (22)), we will use the latter as a subindex to indicate the flavor symmetry of the four-quark subsystem. In conclusion, in the fourflavor coupling scheme the flavor wave functions of the pentaquark states are labeled as
The allowed four-flavor wave functions of the q 4q pentaquark states can be obtained by taking the direct product of the Young tableaux of the four-quark states, [g] = [4] , [31] , [22] and [211] (see Table VII It is important to note that in this coupling scheme the states of Eqs. (36) and (37) do not correspond to pure uudcc states but contain admixtures with uuduū, uuddd or uudss configurations. For example, the decuplet configurations with A 1 symmetry of Eq. (36) can be expanded into a basis of product states of four-quark states and an antiquark state by inserting the appropriate SU (4) Clebsch-Gordan coefficients [86] to give
and
corresponding to linear combinations of uudcc, uudss, uuddd and uuduū states. Eqs. (38) and (39) can be combined to express the uudcc configuration with A 1 symmetry in terms of the SU (4) flavor basis as
In a similar fashion we can express the uudcc configuration with F 2 , E and F 1 symmetry in the four-flavor SU (4) basis (for more details see Appendix C 2). As a result, we find
for the decuplet with F 2 symmetry,
for the octet with F 2 symmetry,
for the octet with E symmetry, and
for the octet with F 1 symmetry.
C. Mass spectrum
In this section we calculate the spectrum of the groundstatecc pentaquarks with q = u, d, s, i.e. the pentaquarks depicted in Fig. 4 without orbital excitations (L π = 0 + ) and that have spin and parity J P = S P = 3/2 − . As we showed in Sec. IV B for the case of uudcc pentaquarks, Eqs. (40)- (44), the states with a well-defined flavor content are a superposition of different SU f (4) representations. Consequently, the b 4 term in the mass formula of Eq. (15) is modified as follows
where x 1 and x 2 are the expansion coefficients that appear in Eqs. (40)- (44), e.g. x 1 = −/ √ 2 and x 2 = 1/ √ 2 in Eq. (44) for the |φ F1 (uudcc) state. As discussed in Sec. IV, the spin-flavor part of all ground-state pentaquark states is a [f ] = [31] state with F 2 symmetry. The results are shown in Table IX following the notation introduced in Fig. 4 . Mean values and uncertainties are computed through the bootstrap technique as it was explained in Sec. III B. Hence, uncertainties in the parameters and their correlations are carried in full to the computation of the spectrum. We note that for any given [φ × χ] F2 state, the P Λ c state has a mean value larger than their corresponding P Σ c partner. This is at odds with the expectation from the Λ − Σ and Λ c − Σ c mass splittings (see Table III ) where the mass of the Σ's are larger. Although, if we take into account the uncertainties we see that hey are equal within errors and the mass hierarchy and splitting between these states cannot be established. Besides, Λ singlets and Λ c are poorly reproduced in our model and the former were suppressed in the determination of the parameters. This impacts the precision of the determination of the P Λ c states. We note that if we directly substitute the central value parameters (Table V) 
State
Name
in the pentaquark mass formula, 2 we obtain that the the hierarchy is inverted with an average mass difference of 10 MeV, i.e. the mass of the P Σ c is larger than the mass of the P Λ c for a given [φ × χ] F2 state). Nevertheless, the states have equal mass when uncertainties are taking into account. Moreover, central mass values obtained through bootstrap and through direct substitution of the central values of the parameters are less than 1σ apart, which indicates a good consistency of the bootstrap method [54] .
We find that all the ground P N c
states have lower masses than the LHCb pentaquark candidates (4380 and 4450 MeV), suggesting that these states are excited states. Moreover, because all P N c states fall be-low the J/ψ p threshold, their measurement would be very challenging. The rest of the octet and decuplet pentaquarks fall below the thresholds of the obvious twobody channels that could be used for their detection (∆J/ψ, ΛJ/ψ, ΣJ/ψ, etc.). Hence, if the LHCb pentaquarks are confirmed experimentally in other reactions, the search for other pentaquarks should focus on excited states (L π = 0 + ) instead of on the ground states. For a discussion of radially excited pentaquark states, in principle, one can use the same mass formula of Eqs. (14)- (19) . The parameters in the mass formula were fitted to the masses of both ground-state and radially excitedbaryons. In the same way, the mass formula can be used for radially excited pentaquark states. In that case, there will be a non-vanishing contribution from the orbital part of the mass operator in Eq. (19) . Moreover, the excited states carry different quantum numbers as the ground-state pentaquarks which leads to a different contribution from the spin-flavor part. An analysis of excited pentaquark states is in progress.
A final comment concerns a comparison with the prediction of the masses of hidden-charm pentaquarks of [14] which was published before the experimental results of the LHCb Collaboration [6, 7] . The difference between the results for the ground-state hidden-charm pentaquark states in [14] and the present study is mainly due to the value of the mass of the charm quark, m c = 1652 MeV vs. 1450 MeV, respectively, which gives rise to a difference in mass of about 400 MeV for the hidden-charm pentaquark states.
D. Magnetic moments
In this section, we study the magnetic moments of the ground state pentaquark states with J P = 3/2 − discussed in the previous section. The magnetic moment is a crucial ingredient in calculation of J/ψ photoproduction cross sections which can provide an independent observation of the pentaquark states [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In Ref. [23] , the magnetic moments were calculated for a molecular model, a diquark-triquark model and a diquark-diquarkantiquark model of pentaquark configurations. To the best of our knowledge, the present calculation is the first one for a CQM of pentaquarks.
The magnetic moment of a multiquark system is given by the sum of the magnetic moments of its constituent parts [87] 
where µ i denotes the magnetic moment of the i−th quark or antiquark. Since, at present, we do not consider radial or orbital excitations, the magnetic moment only depends on the spin part. The magnetic moments can be obtained from the expectation value of Eq. (46) using the pentaquark wave function of Eq. (24) in combination with the spin-flavor 
wave functions of Appendix D, the spin wave functions of Appendix B, and the flavor wave functions of Appendix C 1
The results for the different uudcc configurations are given in Table X . The numerical values are obtained by using
The magnetic moments of the u, d and s quarks were fitted to the magnetic moments of the proton, neutron and Λ hyperon. The value of the magnetic moment of the charm quark is consistent with the constituent mass of m c = 1400 − 1500 MeV from Table V .
E. Electromagnetic couplings
For future experiments that aim to study pentaquarks through near threshold J/ψ photoproduction [27] [28] [29] [30] , the size of the electromagnetic couplings of the pentaquarks is important. In this section, we discuss the electromagnetic couplings for the ground state pentaquarks with spin and parity J P = 3/2 − . Electromagnetic couplings are described by
where J µ is the electromagnetic current summed over all quark flavorsĴ
The electromagnetic coupling of Eq. (48) quark (as is used in studies of photocouplings of baryons, see e.g. [38, 39, 88, 89] ), and the annihilation process of a quark-antiquark pair [90] . For the process of interest P c → B + γ, the relevant term is the annilation of a pair of cc quarks. We use the nonrelativistic form of the interaction. The radiative decay widths can be calculated from the helicity amplitudes as [39, 88, 89] 
where ρ is the phase space and
Here α is the fine-structure constant, k 0 and k = | k| represent the energy and the momentum of the photon. The coefficient β ν is the contribution from the color-spinflavor part for the annihilation of a cc color-singlet pair with spin S = S z = 1. Its values are listed in Table XI for different configurations of uudcc pentaquarks. It is straightforward to show that for the cases considered, i.e. ground-state pentaquarks with J P = 3/2 − , the helicity amplitudes are related by
Finally, F (k) is a form factor denoting the contribution from the orbital part of the pentaquark wave function. Its form depends on specific type of quark model used: harmonic oscillator, hypercentral, or other. Here we concentrate on the color-spin-flavor part which is common to all quark models. In Table XI we show the results for the contribution from the color-spin-flavor part to the helicity amplitudes. The strongest coupling is to the octet pentaquark configuration with φ F1 , followed by φ E and φ F2 . The couplings to the octet configuration with φ A1 and the three decuplet configurations vanish because of symmetry reasons. 
V. SUMMARY AND CONCLUSIONS
Motivated by the hidden-charm pentaquark candidates recently found by the LHCb Collaboration [5] [6] [7] , we presented an analysis of ground state pentaquarks in a constituent quark model. In doing so we first built an SU (4) quark model with a mass operator that is a generalization of the Gürsey-Radicati mass formula commonly used to study baryon resonances in which the SU (4) flavor symmetry is broken dynamically by the mass difference between the charm quark c and the light quarks, u, d and s. The parameters, i.e. constituent quark masses and couplings, were determined by fitting the 16 ground state baryons consisting of u, d, s and c quarks and 37 N , ∆, Λ, Σ and Ξ excitations, all of them with a three-or four-star status in the PDG [31] . Uncertainties in are computed using the bootstrap technique that allows to propagate statistical errors from data to parameters and observables accounting in full for the correlations [53] [54] [55] . The general structure of the spectrum is well reproduced, with a root mean square deviation of δ rms = 44 MeV. Next we used the same mass formula to predict the doubleand triple-charm baryons, obtaining a good agreement with both the latest measurement of the Ξ cc state by LHCb [77] and LQCD calculations [78] [79] [80] [81] [82] [83] [84] .
In order to apply the mass formula to pentaquarks we presented a classification of a complete set of basis states for all ground-state hidden-charm pentaquark configurations of the formcc with spin and parity J P = 3/2 − , where q denotes the light quarks q = u, d and/or s. As a result it was found that for thesecc states there are three allowed configurations associated with SU (3) flavor decuplets and four with flavor octets which differ from each other in their flavor and spin content.
The masses of the ground-state hidden-charm pentaquarks P N c with J P = 3/2 − are calculated with a theoretical uncertainty of 50 − 60 MeV. The calculated masses are substantially lower than those measured by LHCb suggesting that, if indeed the detected signals cor-respond to uudcc pentaquark states, they do not belong to ground state pentaquarks but rather to radially excited configurations. All calculated ground-state octet and decuplet pentaquarks fall below the thresholds of the obvious two-body channels that could be used for their detection (∆J/ψ, ΛJ/ψ, ΣJ/ψ, etc.).
Finally, we computed magnetic moments and photocouplings of the ground-state pentaquarks. These quantities are of interest to estimate the pentaquark photoproduction cross section [21] [22] [23] [24] [25] [26] which are relevant to the approved experiments at Jefferson Lab on J/ψ photoproduction [27] [28] [29] [30] to try to find the P N c (4450) signal with an electromagnetic probe. We note that because of the symmetry of the pentaquark wave function several configurations cannot be excited in photoproduction, such as the P ∆ c configurations belonging to the SU (3) decuplet. For the ground state pentaquarks, there are three configurations with nonvanishing photocouplings. An analysis of the electromagnetic couplings of excited pentaquark states is in progress.
In conclusion, we presented a detailed analysis of ground-state pentaquark states in the context of the quark model, and identified several configurations that, in principle, can be excited in future photoproduction experiments. 
In this case, the expectation value of H strong in flavor space is given by the quark mass matrix of the form 
where λ 15 denotes one of the Gell-Mann matrices for SU (4) satisfying the Lie algebra [45] [λ a , λ b ] = 2i f abc λ c .
The first term in Eq. (A2) is an invariant under the SU f (4) flavor group, whereas the second term transforms like λ 15 , i.e. the 15th component of a 15-dimensional multiplet. In general, one can express H strong as 
where x and y are coefficients,F a = λ a /2 are the SU f (4) generators, and the coefficients d abc are defined by {λ a , λ b } = δ ab 1 + 2d abc λ c .
Equation (A5) can be expressed in terms ofẐ = 3/2F 15 and the Casimir invariants of the flavor groups as
with eigenvalues (2uudc − uduc − duuc − 2uucd + ucud + cuud + udcu + ducu − ucdu − cudu)c
The explicit expressions of the spin-flavor wave functions in terms of the spin and flavor wave functions of Tables XII and XIII are given by using the isoscalar factors for the decomposition T d ∼ S 4 ⊃ S 3 ⊃ S 2 [45] . As a result, we find
with α = ρ, λ, η, and
followed by
and 
